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FIELDS WHOSE MULTIPLICATIVE GROUPS ARE
LINEAR SPACES
YUKI N. NAKATA
Abstract. The purpose of this paper is to study fields whose multi-
plicative groups admit the structure of linear spaces. We prove that the
multiplicative group of a finite field is a linear space if and only if the
order of the multiplicative group is 1, 2, or a Mersenne prime. We give
necessary conditions for the multiplicative group of an infinite field to
be a linear space over another field. We also construct an example of an
infinite field whose multiplicative group is a linear space over Q.
1. Introduction and Main Results
The additive group of a field is a linear space over the prime field. On the
contrary, satisfactory characterization of the multiplicative groups of fields
has not been given [1, pp. 704–705], [3]. The purpose of this paper is to study
fields whose multiplicative groups admit the structure of linear spaces.
In this paper, all fields are commutative. The multiplicative group of a
field K is denoted by K×. We know the structure of multiplicative groups
of typical fields such as finite fields, algebraic number fields, algebraically
closed fields, real closed fields, and p-adic number fields. They are not linear
spaces except finite fields [1, pp. 701-704]:
• F×q
∼= Z/(q − 1)Z, where q = pn, p is a prime, and n ∈ Z>0.
• Q× ∼= Z/2Z × Z⊕ℵ0 .
• Q(α)× ∼= Z/2mZ×Z⊕ℵ0 , where α is algebraic over Q, and m ∈ Z>0.
• If K is an algebraically closed field (e.g. C), we have
K× ∼=
{
Q/Z×Q⊕m (charK = 0)⊕
ℓ 6=p Z(ℓ
∞)×Q⊕m (charK = p > 0),
where m is a cardinal, ℓ is a prime, and Z(ℓ∞) := Z[1/ℓ]/Z is the
group of type ℓ∞.
• If K is a real closed field (e.g. R), we have
K× ∼= Z/2Z ×Q⊕m,
where m is a cardinal.
• Let p be a prime, and Qp the p-adic number field. Then we have
Q×p
∼=
{
Z× Z/2Z× Z2 (p = 2)
Z× Z/(p− 1)Z × Zp (p > 2).
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In this paper, we give a necessary and sufficient condition for the multi-
plicative group of a finite field to be a linear space, give necessary conditions
for the multiplicative group of an infinite field to be a linear space, and con-
struct an infinite field whose multiplicative group is a linear space.
The results are as follows.
Theorem 1. Let p be a prime, and q = pn a power of p. Let Fq be a finite
field with q elements. The multiplicative group F×q is a linear space if and
only if q = 2, 3, or q − 1 is a Mersenne prime. (Recall that a prime p′ is a
Mersenne prime if p′ = 2r − 1 for an integer r.)
Theorem 2. Let K be a field and L be an infinite field.
(1) If the multiplicative group L× is a linear space over K, then the
characteristic of K is 0, so that L× is a linear space over Q.
(2) If the multiplicative group L× is a linear space over Q, then the
characteristic of L is 2, and every element in L except 0, 1 is tran-
scendental over F2, where we regard F2 as the prime field of L.
There exists an infinite field L whose multiplicative group is a linear space
over Q.
Theorem 3. Let F2((x)) be the power series field (Laurent expansion field)
over F2. Take a sequence {x
1/n}n∈Z>0 of elements in an algebraic closure of
F2((x)) satisfying (x
1/mn)m = x1/n for all m,n ∈ Z>0 and x
1/1 = x1 = x.
Let
L0 :=
∞⋃
n=1
F2((x))(x
1/n) =
∞⋃
n=1
F2((x
1/n))
be the extension of F2((x)) generated by x
1/n for all n ∈ Z>0. Then the
multiplicative group L×
0
is a linear space over Q.
We prove these theorems in the following sections.
2. Proof of Theorem 1
Obviously, F×
2
= {1} is the group with order 1, which is a linear space of
dimension 0 over any field.
Assume q ≥ 3. Then F×q is a finite group whose order is larger than 1,
which cannot be a linear space over Q. Therefore F×q
∼= Z/(q − 1)Z is a
linear space over Fp′ (p
′ is a prime) if and only if
Z/(q − 1)Z ∼= (Z/p′Z)⊕m
for some m ∈ Z>0. Since Z/(q−1)Z is cyclic, we have m = 1. Thus we have
q − 1 = p′.
If q is even, then q = 2n for some n. Hence q − 1 is a Mersenne prime.
If q is odd, then q − 1 = 2.
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3. Proof of Theorem 2
Lemma 4. Let K,L be fields. Assume that L× is a linear space over K.
Then the characteristic of K or L is 2.
Proof. Let us express a scalar product as an exponent like ar for a ∈ L×
and r ∈ K for the compatibility with the multiplicative notations.
Let S ⊂ L× be a basis of L× as a linear space over K. Assume that the
characteristic of L is not 2. Then we have −1 6= 1 in L. There exist k ∈ Z>0,
a1, . . . , ak ∈ S, and r1, . . . , rk ∈ K \{0} such that a
r1
1
· · · arkk = −1. Then we
have
1 = (−1)2 = a2r1
1
· · · a2rkk .
Since the elements of the basis are linearly independent, we have 2r1 = · · · =
2rk = 0. Hence the characteristic of K is 2. (Note that 1 is the zero vector
in the linear space L×.) 
We return to the proof of Theorem 2.
(1) Assume that the characteristic of K is p > 0. Then we have ap = 1
for all a ∈ L×. Thus every a ∈ L× is a root of the polynomial T p − 1,
which implies L× is a finite group, contradicting the assumption that L is
an infinite field.
(2) By Lemma 4, the characteristic of L is 2. Assume that a ∈ L \ {0, 1}
is algebraic over F2. Then F2(a) is a finite field, and F2(a)
× is a finite group.
Then there exists a positive integer n such that an = 1, contradicting the
assumption that L× is a linear space over Q.
4. Proof of Theorem 3
Lemma 5. Let F2[[x]] be the formal power series ring over F2. The map
(−)k : F2[[x]]
× → F2[[x]]
×, a(x) 7→ a(x)k
is a group isomorphism for any positive odd integer k.
Proof. The map (−)k is a well-defined group homomorphism as the mul-
tiplication is commutative. We shall prove that for any a(x) ∈ F2[[x]]
×,
there exists a unique b(x) ∈ F2[[x]]
× such that a(x) = b(x)k. Note that
(F2[[x]], xF2[[x]]) is a complete local ring. For a polynomial
P (T ) = a0(x) + a1(x)T + · · · + am(x)T
m ∈ F2[[x]][T ]
with ai(x) ∈ F2[[x]] for all i ≥ 0, we put
P (T ) = a0(0) + a1(0)T + · · ·+ am(0)T
m ∈ F2[T ].
Take an element a(x) ∈ F2[[x]]
×. Consider the polynomial
F (T ) := T k − a(x) ∈ F2[[x]][T ].
Since a(0) ∈ F×
2
= {1}, we have
F (T ) = T k − a(0) = (T − 1)(T k−1 + · · · + 1).
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Since k is odd, the polynomials T−1 and T k−1+· · ·+1 ∈ F2[T ] are relatively
prime. By Hensel’s Lemma [2, Theorem 8.3], we have
F (T ) = (T − b(x))H(T )
for some b(x) ∈ F2[[x]] andH(T ) ∈ F2[[x]][T ] satisfying b(0) = 1 andH(T ) =
T k−1 + · · · + 1.
We shall prove H(T ) has no root in F2[[x]]. Assume that H(T ) has a
root in F2[[x]]. Then we have H(c(x)) = 0 for some c(x) ∈ F2[[x]]. Putting
x = 0, we have H(c(0)) = 0, which contradicts H(0) = H(1) = 1 as k is
odd.
Therefore the factorization T k−a(x) = (T − b(x))H(T ) implies that b(x)
is a unique k-th root of a(x) in F2[[x]]
×. 
In the following, we take a sequence {x1/n}n∈Z>0 as in Theorem 3. We
consider the ring
R :=
∞⋃
n=1
F2[[x
1/n]] ⊂ L0.
Lemma 6. The unit group
R× =
∞⋃
n=1
F2[[x
1/n]]×
is a linear space over Q.
Proof. It suffices to prove that
(−)k : R× → R×, a(x) 7→ a(x)k
is a group isomorphism for any positive integer k. It is enough to prove the
assertion in the case of odd k and k = 2 separately.
If k is odd, the map
(−)k : F2[[x
1/n]]× → F2[[x
1/n]]×, a(x) 7→ a(x)k
is a group isomorphism by Lemma 5. Hence the extension map (−)k : R× →
R× to the union is also a group isomorphism.
If k = 2, the map (−)2 is the restriction of the Frobenius map L0 → L0
sending a(x) to a(x)2. Then we see that this map is injective. This map is
surjective because
(−)1/2 : R× → R×
defined by
(1 + c1/nx
1/n + c2/nx
2/n + · · · ) 7→ (1 + c1/nx
1/2n + c2/nx
2/2n + · · · )
is the inverse map of (−)2. 
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Finally we return to the proof of Theorem 3. Note that F2[[x
1/n]] is a
discrete valuation ring with uniformizer x1/n. Thus we have
F2((x
1/n))× =
∞∐
k=−∞
xk/nF2[[x
1/n]]×.
Therefore we have
L×
0
=
∞⋃
n=1
(
∞∐
k=−∞
xk/nF2[[x
1/n]]×
)
=
∐
α∈Q
xα
(
∞⋃
n=1
F2[[x
1/n]]×
)
=
∐
α∈Q
xαR×.
Here we put xαR× := {xαa(x) | a(x) ∈ R×}. Thus we have an isomorphism
L×
0
∼= Q×R×.
Since R× is a linear space over Q by Lemma 6, we conclude that L×
0
is a
linear space over Q.
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